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Abstract 
Colbourn, C.J., K.T. Phelps, M.J. de Resmini and A. Rosa, Partitioning Steiner triple systems 
into complete arcs, Discrete Mathematics 89 (1991) 149-160. 
For a Steiner triple system of order v to have a complete s-arc one must have s(s + 1)/2 3 v 
with equality only if s = 1 or 2 mod 4. To partition a Steiner triple system of order s(s + 1)/2 
into complete s-arcs, one must have s = 1 mod 4. In this paper we give constructions of Steiner 
triple systems of order s(s + 1)/2 which can be partitioned into complete s-arcs for all s = 1 
mod 4. For s - 1 or 5 mod 12, we construct cyclic Steiner triple systems having this property. 
For s - 9 mod 12 we use Kirkman triple systems of order s having one additional property to 
construct these Steiner triple systems. We further establish that Kirkman triple systems having 
this additional property exist at least for s = 9 mod 24 and s - 21 mod 120. 
Introduction 
Let (V, B) be a block design with V as the set of elements and B as the 
collection of blocks then a subset S c V is said to be an arc if for all b E B, 
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lb n SI G 2. An arc is said to be complete if it is maximal (with respect to set 
inclusion). More generally a subset S G V is said to be independent if no block of 
B is contained in S (i.e. lb rl SI < lbl). A ssuming that IbJ > 2, for all b E B, then 
an arc is clearly an independent set. For Steiner triple systems the converse holds 
and the two concepts are equivalent. 
The existence and size of minimum complete arcs in Steiner triple system has 
been studied from several perspectives (e.g. de Brandes and Rod1 [l], Phelps and 
Rod1 [5], de Resmini [8], Colbourn, Dinitz and Stinson [2]). Clearly if S is a 
complete arc of cardinality s, (briefly a complete s-arc) in an STS(V) then 
s(s - 1)/2 + s = s(s + 1)/2 2 V. Since a Steiner triple system of order n (briefly 
STS(u)) will exist if and only if u = 1 or 3 mod 6, one can have equality only when 
s = 1 or 2 mod 4. If s = 1 mod 4, then in fact it is possible to have a partition of 
the set V, into (s + 1)/2 complete s-arcs. The purpose of this paper is to construct 
a STS(u), Y = s(s + 1)/2, which admits such a partition into complete s-arcs. In 
general, we will call any partition of V into d complete arcs, a complete 
d-coloring. 
Let Z,, denote the set of integers modulo n. A Steiner triple system (Z,, B), 
having the additive group 2, acting on the triples of B, is said to be a cyclic 
Steiner triple system of order n (briefly CTS(n)). In general any triple system 
isomorphic to a CTS(n), (Z,, B) is said to be cyclic. We will construct STS(V), 
(V, B), on the set V = Z, x Z, where d = (s + 1)/2 (for all s = 1 mod 4). For two 
of our constructions, the additive group Zd x Z, will act on the triples. Since s and 
s + 1 are relatively prime, the triple systems we construct will be cyclic. We 
assume the reader is familiar with the standard terminology of difference sets in 
abelian groups. 
We will require a well-known construct, namely a latin square of order n which 
we will denote by the pair (Z,, L) where L E Z, X Z,, X Z,, and L has the 
obvious properties associated with latin squares. A latin square is cyclic (briefly 
CLS(n)) if whenever (x, y, z) E L then (X + 1, y + 1, z + 1) E L (reduced mod n). 
Cyclic latin squares, cyclic triple systems etc. can be specified by providing a list 
of orbit representatives or ‘base blocks’ as they are commonly referred to. They 
can also be described by a collection of difference sets (ordered triples of 
differences for latin squares). We will use both methods of specifying our objects. 
2. General constructions for s = 1 or 5 mod 12 
As is well known as STS(d) is equivalent to an idempotent totally symmetric 
latin square. If the triple system is cyclic then the latin square will be as well. For 
our first construction we need a set of non-idempotent latin squares which we 
construct by modifying the idempotent totally symmetric CLS(d) equivalent to a 
CTS(d). 
First, an example: an CTS(7) has one orbit. Let (0, 1,3} be a base block, then 
(1,2,3) is the associated difference triple. From this base block (difference 
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triple), we constructed two cyclic latin squares, CLS(7), L, and L2 as follows: 
Base blocks for L,: Difference triple (mod 7): 
(0, 0, I), (091, -I>, 
(0, 2, 0), (2, -2,O>, 
(4,0,0), (3,0, -3) > 
(0,1,5), (1, -3,2), 
(0,6,2), (-193, -2), 
(0,5,4), (-2, -1,3), 
(0,4,6). (-3,2,1). 
L2 is formed by multiplying L, by -1 (mod 7). Hence L2 contains (0, 0, -l), 
(0, -2,O), (-4,0,0), etc. as base blocks. 
The same procedure works for any base block of an CTS(d), d = 1 mod 6. Let 
Bi, i = 1, 2, . . . , (d - 1)/6 be the base blocks and D,, i= 1, 2,. . . , (d - 1)/6 
be the corresponding difference triples. For each i = 1, 2, . . . , (d - 1)/6 we 
construct two CLS(d), Lj, Lj+l, j = 2i-1 from Di=(a,b,c), a+b+c=O 
mod d, as follows: 
(La): Base triples in Lj: 
(0, 0, a), 
(0, b, 0)) 
(c, 0, O), 
(0, a, a + c), 
(0, -a, -(a + c)), 
(0, -b, -(b + a)), 
(0, c, c + b). 
Diflerence (mod d): 
(0, a, -a>, 
(b, -b,O>, 
(-6 0, c>, 
(a, c, b), 
;I; ;G ;b;, 
(c,h’,a;lY 
c 7 
The remaining base triples are formed from the remaining base blocks of the 
CTS(d) in the usual manner; e.g., if Bk = {x, y, z}, then Lj contains: (x, Y, z), 
(Y, 2, x)9 (2, %Y)P ( x, z, y), (x, y, x) and (y, x, z) for each k # i, k = 
1, 2, . . . , (d - 1)/6. 
TO form Li+l we again take the base triples (La), multiply by -1 (mod d), 
giving (0, 0, -a), (0, -b, 0), (-c, 0, 0) etc.; Lj+l is then formed by taking these 
triples as well as those formed from the other base blocks as before in Lj. 
This gives us a set of (d - 1)/3 CLS(d). 
There is a well known construction of (cyclic) STS(u), v = ds, d, s = 1 mod 6, 
which we will review. 
Let Bi, i = 1, 2, . . . , (s - 1)/6 be a set of base blocks of a CTS(s). Let Lj, 
j = 1, . . . , (s - 1)/6 be a set of CLS(d). Then form a (cyclic) STS(s * d) on 
2, x Z, (assuming d and s are relatively prime) by: 
(1) On Z, X (0) put a CTS(d); 
(2) If Bj = (X7 Y, Z}, x < y < z a base block of the CTS(s) then include triples 
{(u, x), (v, Y), (w, z)}, for all (u, V, W) E Lj for each j = 1, 2, . . . , (s - 1)/6. 
Developing these blocks (mod d, mods) gives a CTS(s . d). 
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Theorem 2.1. There exists a cyclic Steiner triple system of order v = s(s + 1)/2 
which admits a complete d-coloring, d = (s + 1)/2 for s = 1 mod 12. 
Proof. Let s = 1 mod 12 then d = (s + 1)/2 = 1 mod 6. Take an CTS(d) and 
construct a set of CLS(d), L,, j = 1,2, . . . , (s - 1)/6 as described above, two for 
each base block of the CTS(d). Then construct a CTS(s - d) using the above 
construction on Zd x Z,. Clearly it will be a (cyclic) triple system; all we need to 
establish is that the sets {u} x Z, are complete arcs. 
First, they are arcs because the latin squares are anti-idempotent, that is, 
(i, i, i) $ Li for any i. Second, they are complete; if we add (v, y) to {u} X Z,, 
with v - u = h mod d, then h or -h is in some difference triple of the CTS(d) and 
hence one of (0, 0, h)(O, h, 0) or (h, 0, 0) is a base triple of Li for some j. Suppose 
(0, 0, h) E Lj, then (u, U, u + h) = (u, U, V) E Lj and {(u, x’), (u, z’), (v, y)} is a 
triple for some block {x’, z’, y} in the orbit of Bj. 0 
Our second construction is a modification of the first. Here s = 5 mod 12 and 
d = (s + 1)/2 = 3 mod 6. There exists a CTS(d) for all d = 3 mod 6, except d = 9. 
There does not exist a cyclic Steiner triple system of order s, s = 5 mod 12 so we 
use the next best thing: partial CTS(s). More precisely, we wish to partition the 
differences (2, 3, . . . , 6t + 1) into 2t triples {a, b, c} where a + b = c (or a + b + c 
= 0 mod 12t + 5). 
Lemma 2.2. There exists a partition of (2, 3,, . . . , 6t + l} into 2t difference triples 
{a, b, c} where: 
(i) a + b = c, or 
(ii) a + b + c = 0 mod 12t + 5. 
Proof. For t even, there exists a partition of (1, 2, . . . , 6t + 1, 6t + 2, 6t + 3) into 
difference triples {a, b, c} with a + b = c, which has (1, 6t + 2,6t + 3) as one of 
its triples. This follows from the original papers on Langford sequences. Throw 
this triple out and what remains is the required partition, with all triples of type 
(i). The fact that such a partition exists also follows directly from the work of 
Simpson [9]. 
For t odd, we must do a little more. First we consider several examples: 
t = 1, {2,3, . . . ,7} (mod 17), 
{4,6,7], 
P,3,5], 
t = 7, {2,3, . . . ,43} (mod 89), 
{4,42,43], 
{14,16,30), 
{12,17,29], 
{10,18,28] > 
{8,19,27], 
t = 3, (2, 3, . . . , 19} (mod 41), 
(4, 18, 191, 
{6,20,26], 
(15, 21, 36], 
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16, 8, 141, 
(3, 9, 12], 
(7, 10, 17], 
(5, 11, 16], 
(2, 13, 15>, 
t = 5, (2, 3, . . . , 31) (mod 65), 
(11, 12, 23], 
(2, 13, 15)) 
(8, 16, 24], 
(7, 14,21], 
(5, 17, 221, 
(9, 18, 271, 
(10, 19,29], 
{6, 20, 26)) 
{3,25,38], 
(11, 22,331, 
(9, 23, 32], 
{7,24, 30, 
(13, 25, 381, 
(3, 34,37], 
15, 35,401, 
{2,39,41], 
t = 9, (2, 3, . . . , 55) (mod 113), 
(4, 54,551, 
(18, 20, 381, 
(16, 21, 37], 
(14, 22, 36], 
(12, 23, 351, 
(10, 24,34], 
(8, 25, 33], 
(6, 26, 32], 
(19, 27, 46], 
(15, 28,43], 
(13, 29, 421, 
(11, 30,411, 
(17, 31, 481, 
(5, 39,44], 
{9,40,49], 
(7, 45, 52], 
(3, 47, 50], 
(2, 51, 53). 
Our partition of (2, 3, . . . , 6t + l} for t odd follows this pattern. First, we take 
the triple (4, 6t, 6t + l} as the only one of type (ii). This leaves the set 
(293, * * . 7 6t - l}\(4). Now we look for a solution of the form {i, pi, qi} for 
i= 1,2,. . . ) 2t+l, i#4withi+pi=qi(or.i=qi-pi). 
So in effect we seek to partition (2t + 2, . . . , 6t - l} into pairs {pi, qi} such 
that i = qi -pi for i # 4, i = 1, 2, . . . , 2t + 1. We use our solution for t = 3 to 
provide the initial segment of our general solution, i.e. 
(4, 6t, 6t + l}, (7, 2t + 4, 2t + ll}, 
(6, 2t + 2, 2t + 8}, (5, 2t + 5, 2t+ 7}, 
(3, 2t + 3, 2t + 6}, (2, 2t + 7, 2t + 9}. 
This leaves i = 8, . . . , 2t + 1 and the set (2t + 12, . . . , 6t - l} to be partitioned. 
According to Simpson [9], this can be done if and only if t 2 11. The solutions for 
t < 11, t odd, were presented before. Hence this completes the proof. 0 
For our second construction we again need a cyclic latin square constructed 
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from a partial cyclic triple system. Let D,, D2, . . . , 4, be the difference triples 
covering the differences (2, . . . , 6r + 1) and let Br, B2, . . . , Bzr be the cor- 
responding base ‘blocks’. First we construct a a CLS(12t + 5) L, as follows: 
(Ll) For i = 1,2, . . . , 2t D~=(u,~,c), a+b+c=O(mod12t+5), Bi= 
(0, a, a + b)} then L contains these ordered base triples: 
(Ll): Base triples (mod 12t + 5): Diflerence triples :
*(O, a, a + b), (a, b, c>, 
(a, a + b, O), (6, c, a)> 
(a + b, 0, a), (c, a, b), 
*(O, -a, -a -b), t-u, -b, -c>, 
(-a, -a - b, 0), f-b, -c, -d), 
(-a - 6, 0, -a). (-c, --a, -b). 
For the remaining (uncovered) differences fl, f6t + 2 we construct the 
following ordered base triples: 
(L2): Base triples (mod 12t + 5): Diflerence triples :
(070, 11, ((41, -I>, 
(6t + 2, 0, 01, (6t + 3, 0, 6t + 2), 
(0, 1, O), (1, -1, O), 
(0, 6t + 2, 12t + 4), (6t+2, 6t+2, l), 
(0, 12t + 4, 6t + 2). (-1, 6t+3, 6t+3). 
Starting with the above CLS(12t + 5) we construct a set of partial CLS(12t + 5), 
Li i = 1, 2, . . . , t by deleting four orbits, two from each of two base blocks. More 
precisely for j = 2i - 1, 2i, if Bi = (0, a, a + b} we delete the orbits represented 
by (0, a, a + b) and (0, -a, -a - b), i.e. * above. 
Finally let Lo denote the latin square with the 5 orbits in (L2) deleted and the 
orbit represented by (0, 0,O) included. 
We present an example before continuing. Let s = 17 (t = 1) they D, = 
(2, 3, -5), D2 = (4, 6, 7) with fl, f8 uncovered. We construct L as above: 
Base triples (mod 17): 
(*)(O, 2, 5) (*)(O, 4, 10) (0, 0, I), (**) 
(2, 5, O), (4, 10, O), (8, 0, O), (**) 
(5, 2, O), (10, 0, 4) (0, 1, O), (**) 
(*)(O, 15, 12) (*)(O, 13,7), (9, 8, 16) (**) 
(15, 12, O), (13, 7, O), (0, 16, 8). (**) 
(12,0, 15) (7, 0, 13) 
To form L1, delete 4 orbits (*); to form Lo, delete 5 orbits (* *) and include 
(0, 070). 
Our construction does not work for s = 17, because there is no CTS(9). 
However it will work for all other s = 12t + 5. 
Let Lo,L1,..., L, be the partial latin squares constructed above with 
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s = 12t + 5, d = 6t + 3. Let B& B;, . . . , B: denote the base blocks of any CTS(d) 
with B0 representing the short orbit. Then we construct the blocks of an CTS(V), 
21 = s(s + 1)/2 on 2, X 2, as follows. 
(Hl) Fori=O,l,..., tletB;={x,y,z},x<y<zthenforeach(u,v,w)E 
Li, include the triple 
in our design. 
(H2) For i = 1, 2, . . . , t, let (0, a, a +b), (0, -a, -a-b), (0, a’, a’+b’), 
(0, -a’, -a’ - b’) be the representative of orbits deleted from L to form L,. 
Include 
{(x, O), (x, 2a), (Y, a)>, {(Y? O), (Y, 20, (x, a’)}, 
{(YP (9, (Yt 2b)l (-7, b))> ((2, O), (2, 2b’), (Y, b’)}, 
{(z, 0) (z, 2a + 26) (x, a + b)), {(x, O), (x, 2a’ + 2b’), (z, a’ + b’)}. 
(H3) Assume B, = {x, y, z} is the base block for the short orbit in CTS(d), 
d = 6t + 3, then we also include the following base blocks: 
{(x, O), (x, 2) (Y, l)), {(y, 0), (Y, 12t + 4), (x, 6t + 2)). 
Again 2, x 2, acts on this design and thus it is cyclic. 
To see that this is a STS(ds), note that all pure differences 2a (mods) are in a 
triple of type (H2) or (H3). All pure differences (mod d) are in blocks of type 
(Hl) or (H3) by our construction of L and Lo. Clearly all mixed differences are 
contained in blocks of type (Hl) except those covered by the deleted orbits but 
they are covered by the blocks of (H2). Hence this gives us a CTS(u), 
v = s(s + 1)/2 for all s = 5 mod 12, s # 17. 
Theorem 2.3. For all s 3 5 mod 12, there exists an (cyclic) Steiner triple system of 
order s(s + 1)/2 which admits a complete d-coloring, d = (s + 1)/2. 
Proof. The CTS(s(s + 1)/2) constructed above for s = 5 mod 12, d = (s + 1)/2, 
obviously has a d-coloring. We must show that the sets {u} x Z,, u E Zd are 
complete arcs. Take any (v, t) E Z, x Z,. The difference u - Y (modd) is 
contained in some difference triple of the CTS(d). There are two cases to 
consider; first assume u - t.~ is in the difference triple corresponding to base block, 
Bi={x,y,z}, x<y<z, and assume further that u - TV = (x - y) or (y - 
x)mod d. Then {(u, m), (u, r), (v, t)} c {(v, t)} U {u} X Z, will be a block in the 
orbit of (6, O), (x, 2a), (Y. a)> or {(Y, O), (Y, 2b’), (x, b’)). 
On the other hand if u - Y = d/3 the triple {(u, m), (u, r), (v, t)} will be in one 
of the two orbits of type (H3), constructed from the short orbit. 0 
As we mentioned before, this construction fails for s = 17, (s + 1)/2 = 9, simply 
because no CTS(9) exits. 
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However the STS(9) has a transitive elementary abelian 3-group acting on it, 
which partitions the triples into one full orbit and one short orbit. Complete arcs 
are the congruence classes modulo 9. The following are the base blocks 
(mod 153): 
0, 1,35 0,8,65 0,15,71 0,22,74 
0,2,41 0,9,73 0,16,70 0,23,69 
0,3,61 0, lo,38 0,17,62 0,24,60 
0,4,67 0, 11,42 0,18,47 0,25,75 
0,5,77 0,12,44 0,19,49 0,51,102. 
0,6,43 0,13,68 0,20,53 
0,7,66 0,14,40 0,21,48 
3. General construction for s = 9 mod 12 
We use a different approach for the case s = 9 mod 12. The construction uses 
Kirkman triple systems of order u (briefly KTS(v)) for u = 9 mod 12. As is well 
known, KTS(u) exist for all orders u = 3 mod 6 [6]. However, one additional 
property is needed: For v = 12t + 9 let ;rl,, Bi, i = 1, 2, . . . , 3t + 2 be the 6t + 4 
parallel classes of a KTS(n) paired up in such a way that the union of these pairs 
T, Bi are all mutually isomorphic. 
Such a KTS(v) exist for v = 9 (trivially) and v = 21, as there is a 4-rotational 
KTS(21) (C41>. 
Lemma 1. There exists a KTS(v), f or all v = 9 mod 24 (and v = 21 mod 120) 
which has a matching of parallel classes into isomorphic factors. 
Proof. Take a KTS(6t + 3) on {m} U Z,,,,. Construct KTS(24t + 9) on {co} u
Gr+2 X Z,). First assume (00, xi, Yi} i = 1, 2, . . . , 3t + 1 are the triples of the 
KTS(6t + 3) containing cc). On (00) U {Xi, yi} X Z, construct a KTS(9). For every 
other triple {x, y, z} of KTS(6t + 3) include all triples {(x, u), (y, v), (z, w)} such 
that (u, v,w) is in the latin square on Z4 which has an orthogonal mate. 
Each parallel class in the original system will give rise to 4 parallel classes in the 
new system which can be paired off into isomorphic factors. 
The same essential construction works by taking a KTS(6t + 3) and construct- 
ing a system on (00) U (Z,,,, x ZlO), using KTS(21) instead of the KTS(9). 0 
Theorem 3.2. Zf there exists a KTS(s), s = 9 mod 12 in which the parallel classes 
can be paired up into isomorphic factors then there exists a STS(v), v = s(s + 1)/2 
which has a complete d-coloring, d = (s + 1)/2. 
Proof. First for s = 12t + 9, let T, Bi i = 1, 2, . . . , 3t + 1 be such a pairing of 
parallel classes for a KTS(12t + 9). For d = 6t + 5, there exists a block design with 
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one block of size 5 and all other blocks of size 3. Let (Z,, D) denote this design. 
Construct an STS(d . s) on Z, x Z,. 
First we construct a canonical ‘partial’ GDD on {x, y, z} x Z,. Let T, B be the 
canonical pair of parallel classes in KTS(s). Construct a Steiner quasigroup which 
corresponds to this KTS(s). Let * denote the quasigroup operation. The blocks 
we include are: 
(Sl): {(x9 9(x, i)(y, i *i)), 
{(Y, Q(Y, i)(z, i *i)>, 
((2, i)(z, i)(x, i *i)) 
for each pair {i, i} contained in a triple of T. 
(SO {(x, iI& j)(z, i *j>>, 
{(Y, iMy, j)(4 i *iI>, 
Hz, i)(z, iICy, i *iI) 
for each pair {i, j} contained in a triple of B. 
(S3): {(x9 9, (Y, i), (2, i *iI) 
for all other choices of i, j E Z,. Clearly each of {x} x Z, and {y} x Z, {z} x Z, 
will be complete arcs. 
Now for each triple {x, y, z} E D, (our design on Z,), we choose 3 pairs of 
parallel classes T, Bi, q, Bj, and Tk, Bk. Since each is isomorphic to the pair T, B 
we can take an isomorphic copy of the partial system composed of (Sl), (S2) and 
(S3) on the set {x, y, z} x Z,. 
We repeat this process for each triple {x, y, z} in D, taking care never to use 
the same pair 7;, Bi on the same level {x} X Z, more than once. Since each pair 
{a, 6) is contained in one triple of some K U Bi, the pair (x, a), (x, b) will be 
covered eventually. 
There remains the unique block of size 5, say (0, 1,2,3,4} and 4 parallel 
classes unused for these levels. We can assume they are identical not just 
isomorphic. Let T,, T2, B1, B2 be these parallel classes. 
(Tl) for each triple {a, b, c} E T,, include: 
((0, a), (0, b), (1, c)}, ((0, a), (1, a), (3, b)}, 
((0, b), (0, c), (1, a)>, ((0, b), (1, b), (3, c)>, 
((0, c), (0, a), (1, b)), ((0, c), (1, c), (3, a)>. 
(T2) for each {a, b, c} E T2, include: 
I(07 a), (0, b), (2, c)>, ((0, a), (2, a), (1, b)}, 
((0, b), (09 c), (2, a)>, ((0, b), (2, b), (1, c)}, 
((09 c), (0, a), (2, b)), ((0, c), (2, c), (2, a)}. 
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We choose a set of common representatives for the triples in Bl, B2. Let a be a 
common representative for triples {a, b, c} E Bl and {a, b’, c’} E B2. We include: 
(T3): ((0, a), (0, b), (4, c)), ((0, a), (0, b’), (3, c’)}, 
((0, a), (4, b), (0, c)>, ((0, a), (0, b’), (3, c’)>, 
*{(O, a), (2, b), (2, c)}, *{(Or a), (4, b’), (4, c’)), 
((0, a), (1, b), (3, c)>, ((0, a), (2, b’), (1, c’)>, 
((0, a), (3, a), (1, c)}, ((0, a), (I, b’), (2, 01. 
Note that the triples of first coordinates are the base triples of two CLS(5). All 
triples in (Tl), (T2), (T3) are to be developed (mod 5, -). 
It is straight forward to verify that the above is an STS(s(s + 1)/2), and that the 
sets {x} x 2, are complete arcs. The only di~culty occurs with the blocks 
constructed on Zs X Z,, above from B1 U B,. 
For all b in &, (i, b) U ((0) X Z,) contains a triple of type Tl, or T2 for i = 1, 
2, and (T3) for i = 3, 4. Note that if x is not a common representative it is in a 
unique triple in Bl and thus (4, X) U ((0) x Z,) contains a triple. Similarly x is in 
a unique block in B2 and thus (3, X) U ((0) x 2,) contains a block. For the 
common representatives the situation is reversed. [7 
4. Conclusion 
The first nontrivial case of the partitioning problem occurs when s = 5 and 
TV = 15. There are 80 non-isomorphic STS(l.5). A computer program searched 
each of this system for complete 5-arcs and sets of disjoint complete 5-arcs. The 
results are tabulated below (Table 1). The column STS# refers to the ‘standard’ 
numberings of the 80 non-isomorphic STS(15) as listed in [3]. The other columns 
# arcs, # pairs, # part) list the number of complete 5-arcs, the number of pairs 
of disjoint complete S-arcs (which can not be extended to partitions) and the 
number of partitions (or complete 3-colorings) for each system. Note that all but 
one of the 80 STS(lS) has a complete 5-arc, but only 9 have a partitioning into 
complete 5-arcs. 
A complete solution of our problem awaits the complete solution of the 
previously mentioned Kirkman triple system problem; that is, find a KTS(u), 
u = 21 mod 24, whose parallel classes can be matched off into isomorphic factors. 
This in itself is an interesting question which can be thought of as a generalization 
of similar questions for l-factors of graphs. 
Another interesting problem whose solution would solve our problem would be 
to construct 4-rotational KTS(v) for all admissible u. Briefly a KTS(v) is 
4-rotational if it has an automorphism consisting of a fixed point and 4 cycles of 
length (V - 1)/4 (cf. [4]). In this case the parallel classes would fall into exactly 2 
orbits of length (v - 1)/4. Clearly choosing one parallel class from each orbit and 
then applying this automorphism would give the required pairing. 
Partitioning Steiner triple system.9 into complete arcs 
Table 1 
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sts II #arcs #pairs #part s tsC #arcs #pairs #part 
1 168 0 336 
2 120 288 48 
3 96 240 0 
4 a4 168 a 
5 92 208 a 
6 72 120 0 
7 a4 144 24 
a 70 124 0 
9 58 a4 2 
10 62 100 2 
11 48 56 0 
12 58 a4 0 
13 64 104 0 
14 66 108 0 
15 56 80 0 
16 a4 168 0 
17 60 96 0 
ia 52 64 0 
19 46 60 0 
20 40 30 0 
21 40 36 0 
22 34 la 0 
23 42 49 0 
24 39 39 0 
25 43 44 0 
26 47 53 0 
27 37 36 0 
28 34 26 0 
29 40 39 0 
30 34 30 0 
31 43 57 0 
32 31 29 0 
33 27 13 0 
34 28 15 0 
35 31 27 0 
36 32 24 0 
37 12 0 0 
38 22 14 0 
39 26 13 0 
40 32 24 0 
41 29 22 
42 10 4 
43 30 la 
44 26 la 
45 22 15 
46 17 6 
47 26 19 
48 22 11 
49 19 7 
50 la 7 
51 21 7 
52 23 13 
53 25 14 
54 23 12 
55 20 12 
56 21 9 
57 17 6 
58 24 11 
59 25 la 
60 15 4 
61 28 0 
62 22 15 
63 28 33 
64 22 6 
65 17 5 
66 15 6 
67 14 3 
68 20 7 
69 17 7 
70 23 10 
71 la a 
72 14 4 
73 7 1 
74 32 24 
75 la 9 
76 28 20 
77 la 3 
78 19 5 
79 27 9 
a0 0 0 
0 
0 
0 
0 
0 
0 
0” 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
1 
0 
0 
0 
0 
0 
1 
0 
0 
0 
0 
There are many problems of this sort which have yet to be studied (cf. [6-71). 
We mention only one which is closely related to the one studied here; when s = 2 
mod 4, one could have a STS(V), v = s(s + 1)/2 with s/2 disjoint complete s-arcs. 
This would not give a partition since s/2 points would remain uncovered by any 
s-arc. Still one can ask whether there exist Steiner triple systems which have such 
a configuration of complete s-arcs. 
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